Algebraic Geometry, Part II, Example Sheet 3,2012

Assume throughout that the base figlés algebraically closed. If it helps, feel free to assume
throughout that it has characteristic zero.

1. Let P be a smooth point of the irreducible curi/e Show that iff, g € k(V') thenvp(f +g) >
min(vp(f),vp(g)), with equality ifvp(f) # vp(g).

2. If Pis a smooth point of an irreducible cur¥eandrp € Oy p is a local parameter dt, show
thatdim, Oy p/(7}5) = n for everyn € N.

3. Showthal’ = Z(X§ + X% + X§) andW = Z(Y;! + Y} +Y3}) are irreducible smooth curves
in P? providedchar (k) # 2, and thatp: (X;) — (X?) is a morphism froni/ to 1. Determine
the degree o, and computep forall P € V.

4. Show that the plane cubi¢ = Z(F), F = X, X% — X? 4+ 3X, X¢ is smooth ifchar(k) # 2, 3.
Find the degree and ramification degrees for (i) the pragecti= (X, : X;): V — P! (ii) the
projectiong = (X, : X5): V — PL

5. Show that the Finiteness Theorem fails in general for gomem of smooth affine curves.

LetV = Z(F) C P? be the curve given by" = X X7 — X3, Is V smooth? Show that
o: (Yo : Y1) — (Y3 : YoY?2 : V) defines a morphisri#' — V which is a bijection, but is not
an isomorphism.

6. (i) Lete¢ = (1: f): P! — P! be a morphism given by a nonconstant polynonfiat k[t] C
k(P'). Show thatdeg(¢) = deg f, and determine the ramification points of— that is, the
points P € P! for whichep > 1. Do the same for a rational functighe k(¢).

(i) Let o = (t* — 7 : t3 — 10): P! — P'. Computedeg(¢p) andep for all P € P!,

(iii) Let f, g € k[t] be coprime polynomials witHeg(f) > deg(g), andchar(k) = 0. Assume
that every root off'g — ¢’ f is a root of fg. Show thaly is constant and' is a power of a linear
polynomial.

(iv) Let ¢: P* — P! be a finite morphism in characteristic zero. Suppose thayeaenification
point P € P! satisfiesp(P) € {0,00}. Show thatp = (F7 : F*) for some linear formg.
[Hint: choose coordinates so thaf0) = 0 and¢(co) = c0.]

(v) Supposehar(k) = p # 0, and letp: P! — P! be given byt? — ¢t € k(t). Show thatp has
degreep and that it is only ramified ato.

7. Letyp: V — W be afinite morphism of smooth projective irreducible cuna®lD = ) noQ
a divisor onl¥. Define
¢*D = Z epngpy P € Div(V).
PeVv
Show thatp*: Div(W) — Div(V') is a homomorphism, thalieg(¢* D) = deg(¢) deg(D), and
that if D is principal, so isy*(D). Thus¢* induces a homomorphis@l(W) — CI(W).

8. (i) Use the Finiteness Theorem to show thapifl’ — W is a morphism between smooth
projective curves in characteristic zero which is a bijatitheny is an isomorphism.

(i) Let & be algebraically closed of characterispic- 0. Consider the morphism = (X} :
XP): V=P - W = PL. Show thatp is a bijection k(V')/¢*k(W) is purely inseparable of
degreep, and thatp, = p foreveryP € V.
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LetV c P? be a plane curve defined by an irreducible homogeneous c8himw that ifV is
not smooth, then there exists a nonconstant morphism frtbta V.

LetV be a smooth irreducible projective curve. LLétC k(1) be a finite-dimensiotk-vector
subspace of (V). Show that there exists a divisdér on V' for whichU C L(D).

LetV be a smooth irreducible projective curve, aRds V' with ¢(P) > 1. Let f € L(P) be
nonconstant. Show that the rational nap f): V. —— P! is an isomorphism. Deduce that if
V is a smooth projective irreducible curve which is not isoptoc toP!, then/(D) < deg D
for any nonzero divisoD of positive degree.

LetP be the point at infinity o' andD = 4P. Investigate the morphism,. Show that there
exists a smooth curvé c P3 of degreet which is isomorphic td!.

LetV be a smooth plane cubic. Assume thiatas equatioky X3 = X; (X; — Xo)(X; —AX),
for some\ € £\ {0, 1}.

Let P = (0: 0 : 1) be the point at infinity in this equation. Writing= X, /Xy, y = X5/ X,
show thatx/y is a local parameter a®. [Hint: consider the affine piec&, # 0.] Hence
computevp(z) andvp(y). Show that for eachn > 1, the space(mP) has a basis consisting
of functionsz?, 27y, for suitable; andj, and that(mP) = m.

Let f € k[z] a polynomial of degre@ > 1 with distinct roots, and” C P? the projective
closure of the affine curve with equatig~! = f(x). Assume thathar(k) does not divide
d — 1. Prove thal’ is smooth, and has a single poifitat infinity. Calculatevp(z) andvp(y).

* Deduce (without using Riemann—Roch) thatif> d(d — 3), thenl((n + 1)P) = ¢{(nP) + 1.

Let F'(X,, X1, X2) be an irreducible homogeneous polynomial of degieand letX =
Z(F) C P? be the curve it defines. Show that the degre&’a$ indeedd.

A smooth irreducible projective curié is covered by two affine pieces (with respect to dif-
ferent embeddings) which are affine plane curves with eqoaj? = f(z) andv? = g(u)
respectively, withf a square-free polynomial of even deg@eandu = 1/z, v = y/a"

in k(V'). Determine the polynomiaj(u) and show that the canonical class Wrhas degree
2n — 4. Why can we not just say thaf is the projective plane curve associated to the affine
curvey? = f(x)?

LetV, c A? be the affine curve with equatiat = z* + 1, and letV C P? be its projective
closure. Show thaV is smooth, and has a unique poitat infinity. Letw be the rational
differential dz/y* on V. Show thawp(w) = 0 for all P € ;. prove thatg(w) = 4 and hence
thatw, xw andyw are all regular ori/.

Letd: V — V be a surjective morphism from an irreducible projectiveietyr!” to itself, for
which the induced map on function fields is the identity. Shioatt = id, .

Now letV be a smooth irreducible projective curve aindl” — P! be a nonconstant morphism,
such thaty*: k(P') — k(V) is an isomorphism. Show that there exists a morphisr?' — V/
such that)* is inverse top*. Deduce that is an isomorphism.



